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ABSTRACT

A summary of a series of papers (vdB05, Giocoli08&10, Yang11, V&K09) addressing the expression
and implication of dark matter subhalo(substructure) mass function (SHMF), paying attention to the
methods [analytical(Yang11)/semi-analytical(vdB05)/statistical(V&K09)/numerical(Ciocoli08&10)],
analytical model expressions (or fitting results) [for unevolved/evolved SHMF, for SHMF per unit
host halo mass (slope α), for subhalo mass fraction f , and for average mass-loss rate], and results
(esp. common results and the results amending or reflecting previous results).

Subject headings: subhalo.

1. INTRODUCTION

vdB05 is the first in the series and most relevant for
my project, so I follow its structure in this summary and
add stuff from the other papers accordingly. Appendix is
my derivation of the PS formalism following Longair08.
Throughout the digest, I use z0 to denote the observa-

tion redshift, M0 ≡ M(z0) as the mass of a host halo at
the time of observation,m as the instantaneous mass of a
subhalo, za (equivalently tm, ta, or zm) as the epoch when
a subhalo is accreted into a host halo where the subscript
”a” or ”m” means ”accretion” or ”merger”, ma ≡ m(za)
(equivalently m(tm)) as the mass of a subhalo at the
epoch it is accreted into a host halo. Other notations
are fully explained in the text. Any concept defined sub-
tly differently from the common meaning of the word
are in italics. For example, sometimes we distinguish be-
tween substructures from subhalos, where ’subhalo’ is of
its common use referring to a group of self-bound DM
particles in a halo but substructures here refer to the
whole hierarchy of subhalos, although we do not distin-
guish ’substructures’ from ’subhalos’ when they are not
in italics. In addition, any concepts with subtle defi-
nitions which are of importance in understanding these
serious of papers are in italics, such as the unevolved
SHMF and the evolved SHMF etc..
Notations in different literatures do not conform, so

here I try to use only one notation for a given concept
throughout the digest, for example, N always denotes the
total number of evolved subhalos (usually this means at
observation redshift z0) so the evolved SHMF is always
dN/dm. I even want the subscripts to be consistent, for
example, ’a’ as in the total number of unevolved subhalos
Na, means this ’unevolved’ or ’just-accreted’, consistent
with the ’a’ in ma. Perhaps there is only one exception:
the subscript ’0’ usually means ’at the observation red-
shift’, but in the expression of the unevolved SHMF, N0

denotes the normalization factor, and the subhalo mass
at z0 is not denoted as m0 but just m, i.e., we do not
distinguish the instantaneous m(z) and the final m(z0)
– it is easy to tell from the context.
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2. DIGEST

2.1. Background

Why SHMF is interesting?

• The SHMF2, n(m|M0) ≡ dN
dm , gives the space num-

ber density of DM substructures in the mass range
[m,m+ dm], n(m|M0)dm, for a host halo of mass
M0; while the galaxy luminosity function (LF),
Φ(L|M0), gives the space number density of galax-
ies in the luminosity range [L,L+dL], Φ(L|M0)dL,
for a host halo of mass M0. So comparing SHMF
and LF yields knowledge about galaxy bias.

• The missing satellite problem: N-body simula-
tion of galaxy-size halos predict more substructures
than observed. There are mainly two approaches
to solve the problem – (i) maybe the low-mass end
of the galaxy LF can be lifted a little, i.e., try to
detect more dwarf galaxies in order to match LF
to SHMF;(ii) empty subhalos may exist, so their
population can be quantified and observed indi-
rectly, for example, ’dark’ subhalos may be de-
tected through (1) γ-ray from DM annihilations,
(2) their effects on the flux-ratio statistics of multi-
ple lensed QSOs (i.e., strong lensing, which is par-
ticularly useful when detecting subhalos close to
the bright center of a host system), and (3) their ef-
fects on stellar streams. Admittedly, some authors
argue that the missing satellite problem might be
a false proposition in that the observations which
yield the lack of dwarfs are all about M31 and MW,
which are in under-dense regions.

• The evolution of SHMF can in turn constrain the
cosmology (esp. CDM versus WDM). In order to
know the evolution of SHMF, we need to track back
the evolution of subhalos, which relies on (i) the
mass accretion history (merger tree, or MAH) and
(ii) a model of subhalo mass-loss. MAH can be ob-
tained from either N-body simulation or EPS based
on the simple spherical collapse model (cf. Peebles
1980). To fully model the subhalo mass-loss rate,

2 unless otherwise stated, SHMF always means the evolved one.
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three mass-loss mechanisms should be integrated
over individual subhalo orbits. The three mech-
anisms are (i) dynamical friction, (ii) tidal strip-
ping, and (iii) tidal heating – (i) and (iii) balance
against (ii) to prolong the duration of mass-loss.
But a much simpler way is to model the average
mass loss rate ṁ over all orbital configurations.

It is the model of mass-loss that introduces the cos-
mology dependence into SHMF, thus enable SHMF
to be used to check the corresponding cosmology
used.

• Another important observable that can be pre-
dicted by SHMF: the thickness of the disks of spi-
rals. The disk thickening is driven by mergers to
some extent, so SHMF can predict the thickening
via predicting the merger rate evolution (how to get
merger rate from SHMF is addressed in Yang11).

In a word, SHMF is the key linking our cosmol-
ogy model, the DM properties, and perturbation
theory to obervables.
There are two important parameters characterizing a

SHMF: the low-mass end slope α and the subhalo mass
fraction f (to some extent, f is the normalization of a
SHMF).

2.2. Merger Trees and Halo Finder

Merger trees (mass accretion histories) are constructed
from either simulation or EPS.
The MAH that vdB05 use, is a standard EPS merger

tree from the ’N branch method’ (SK99). vdB05 Fig.2
is not a merger tree but an illustration of their ’Monte
Carlo Method’ of realizing the evolution of a system (i.e.,
all the stuff relevant to a present day host halo) between
two merger events, during which the host halo’s accre-
tion rate Ṁ is assumed to be zero. Here I desrcribe this
method using the format ’epoch: what happens at the
epoch or what are present at the epoch’.

• zj+1: progenitors (w/ or w/o substructures).

• za (or equivalently zacc, tm, tacc etc.): a merger event
occurs, the main progenitor is updated. The pro-
genitor being accreted become a subhalo, and once
it becomes a subhalo, its internal structures are ig-
nored in vdB05. Register each subhalo its mass at
the moment of accretion as ma = m(tm), where the
subscript ’a’ means ’at the epoch of accretion’. De-
fine the unevolved SHMF as the abundance of sub-
halos as a function of their mass at accretion ma.
Note that the unevolved SHMF is not defined
for a specific redshift, instead, it is defined
over the whole redshift range of the MAH.
For the instance of a host halo of final mass M0,
there are Na(ma/M0, za) progenitors of mass ma

being accreted at za, then the total number of un-
evolved subhalos of mass ma over the whole MAH
(from zmax to z0) is

dNa

dma

=

∫ z=zmax

z=z0

Na(ma/M0, za)dza. (1)

This is the unevolved SHMF, in which Na is sim-
ply the average total number of just-accreted (un-

evolved) subhalos of a host halo of final mass M0:

Na =

∫

dNa

dma

dma.

• From zj+1 to zj : The host halo, i.e., the main pro-

genitor, does not evolve (Ṁ = 0), the subhalos ex-
perience mass-loss according to the average mass-
loss rate model. Note that in vdB05, the tm for a
subhalo must be some t(zj+1). So between t(zj+1)
and t(zj), the time t in their average mass-loss rate
model during which a subhalo experiences mass-
loss, should always be t = t(zj) − t(zj+1); and the
initial mass mi for this time interval should always
be mi = m(t(zj+1)). For the next time interval,
[t(zj), t(zj−1)], the initial mass should be updated
with mi = m(t(zj)).

There are some concepts in italics above and also useful
in descriptions of MAHs in general, they are:

• zj (or equivalently t(zj)): in vdB05 this is the
epoch for a merger event; in G08&10 etc., this is the
epoch of a simulation snapshot, at which a merger
event does not necessarily occur and subhalos are
identified with some halo finder algorithm.

• progenitor : any halo at zj+1 containing at least
one particle that belongs to a halo at zj is called a
progenitor of that halo. (G08)

• main progenitor : the progenitor that contributes
the largest mass amongst all the progenitors. (G08)

• main branch: the branch tracing the main progen-
itor of the main progenitor of the main progenitor
etc., until the main progenitor is heirless.Host ha-
los and subhalos both can have main branches of
their own. (G10 Fig.1)

• heirless : a halo is heirless if it has no substructure
or its current substructure cannot survive to z0.
(G10)

• leaves: progenitors whose mass are of the order
of the mass resolution of the simulation. (G08)
Therefore, all leaves are heirless.

• satellites: all progenitors that are already accreted
by the main progenitor and are donating ≥ 50% of
their own masses toM0. According to these defini-
tions, leaves are not necessarily satellites because
some leaves cannot survive to z0, and satellites ei-
ther are leaves or have progenitors at earlier snap-
shots. If a satellite have progenitors other than the
leaves, we say that is has substructure(s).

• subhalo(j): the jth level of the substructure hier-
archy. For example, j = 1 corresponds to the 1st

order subhalos, which are the ones accreted directly
by the main progenitor.

• substructures:
∑∞

j=1subhalo
(j). Note: vdB05 and

G08 only consider subhalo(j=1), while G10 address
the whole hierarchy of substructures including the
sub-subhalos and sub-sub-subhalos etc..
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A certain halo finder algorithm should be used at each
snapshot of a simulation to construct the MAH. G10 in-
troduce four halo finder algorithms, and the one repeat-
edly used and get optimized for substructures is called
’SURF’:

• Step I: find centers of halos. Sort the local DM
density at the position of each particle. The local
density is defined to be inversely proportional to
the volume within the distance to the 10th closest
neighbor particle. The location of the particle of
the highest local density is the center of the 1st

halo.

• Step II: grow a sphere around the center out to
where the mean density ρ(z) within the sphere falls
below the virial density, defined as

ρvir(z) = ∆vir(z)ρcrit(z), (2)

where

∆vir(z) = 9π2{1 + Ωm(z)
β − α[1 − Ωm(z)]}, (3)

α = 0.7076, β = 0.4403 (expression from
Stoehr99, defined in ECF96 and BN98) and
ρcrit(z) = 3H(z)2/8πG. This is how the cosmology-
dependence is introduced into SHMF.

• Step III: repeat Step I and Step II for the remaining
particles until all the particles are screened.

• Step IV: only self-bound systems with ≥ 10 par-
ticles are considered as halos, while the others are
’field’ or ’dust’ particles belonging to the host halo.

• Step V: m(z) can be larger than M(z) sometimes,
but we only consider halos with ψ ≡ m/M ≤ 1.1,
because any case with the instantaneous mass ratio
ψ greater than unity corresponds to an incomplete
merger, i.e., a small halo passing through a larger
one.

2.3. Average Mass-loss Rate

There are two ways to get a model for the average
mass-loss rate ṁ: vdB05 derive a model first and tune
the model with the SHMF from high-resolution simula-
tion (Gao04) and then use the tuned model to predict
the evolved SHMF ; G08&10 do it the other way around
– they run a simulation first and the model of average
mass-loss rate is fitted from the simulation data. The
good news is that the two opposite approaches result in
consistent models!
vdB05’s model is based on the following assumptions:

• Assumption I: the orbital eccentricity distribution
P (ǫ) is independent of host halo mass M . The as-
sumption is actually problematic, because P (ǫ) de-
pends on the density distribution of the host halo,
i.e., depends on the concentration, and more mas-
sive halos are generally less concentrated. Note
that the M -dependence of P (ǫ) is completely ig-
nored in vdB05, but is addressed in G10 (Fig.8
therein):

log c(z0) = a logM0 + b, (4)

where a ∼ −0.1, b ∼ 2.5.

• Assumption II: steady-state host halo, i.e., Ṁ = 0
between two merger events.

Both Assump. I & II are meant to ensure that
the average mass-loss rate ṁ depends only on the
instantaneous mass ratio ψ, so here comes Assump.
III:

• Assumption III: ṁ has a power-law dependence on
ψ, which is just for simplicity and not physically
motivated at all.

Based on Assump. I, II, III, the model is derived:

ṁ = −m
τ
g(τ) = −m

τ
ψ−ζ , (5)

where τ = tden ∝ rvid/vc is the dynamical timescale,

and vc =
√

(GM/rvid) is the circular velocity, so τ =

tdyn ∝ ρ(z)−1/2. Therefore according to the halo finder
’SURF’ (although only fully described in G10, but I as-
sume vdB05 also use SURF or at least a density threshold
similar to that of SURF to define halos), ρ(z) = ρvir(z),
so

τ(z) = τ0[
∆vir(z)

∆vir(z0)
]−

1
2 [
H(z)

H0
]−1. (6)

τ0 and ζ are the only two free model parameters of this
simple model. With this simple model governing the
average mass-loss rate, SHMF can be evolved from the
unevolved SHMF to the z0 we are interested in. The
average evolved SHMF is an average over 2000 MAHs.
Comparing the model-predicted evolved SHMF to that
from a high-resolution simulation (Gao04) to tune the
two model parameters: τ0 = 0.13Gyr and ζ = 0.36.
Unlike vdB05, G08’s expression of ṁ is linearly

regressed from their simulation data. They plot
dψ(z)/dt = [ψ(zj+z) − ψ(zj)]/[t(zj) − t(zj+1)] versus
ψ(z), where ψ(z), zj < z < zj+1 is linearly interpolated
from ψ(zj+z) and ψ(zj). The data in the plot is well-
described by

log
d

dt
(
m

M
) = a log(

m

M
) + b, (7)

which under the Assump. III of vdB05, Ṁ = 0, is exactly
the same as the Eq(5) that vdB05 get

ṁ

m
= − 1

τ
ψζ ,

if you set τ = 10−b and ζ = a− 1.
However, G10 find τ0 = 2.0Gyr and ζ = 0.06 ≈ 0. So

a good approximation that can be used to describe the
average mass evolution of a subhalo is:

m(t) = mie
− t(z)−tm

τ(z) , (8)

i.e., a subhalo’s mass decays exponentially on average.
To appreciate the physical meanings of the quantities in
this approximated expression, I would like to mention
the following:

• mi = m(tm) is the initial mass when a subhalo is
just accreted, as mentioned in §2.2.

• t(z) − tm is the time that a subhalo have already
spent in the host halo.
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• τ(z) = tdyn is a measurement of how long the host
halo has been assimilating the subhalo.

• so T ≡ (t(z)−tm)/τ(z) should be a measurement of
the extent of tidal stripping – more tidal stripping
should be associated with a larger T – which is
indeed revealed in G10 Fig.12.

Note: The difference in (τ0, ζ) between the analyti-
cal approach and the numerical approach is due to the
difference between the EPS merger trees and the nu-
merical merger trees. In general, EPS predicts ear-
lier halo formation times than those predicted
by simulations. This difference between EPS and nu-
merical MAHs has wide impacts: for example, simula-
tions predict Poissonian subhalo number distributions
while EPS yields slightly super-Poissonian number dis-
tributions. This will be discussed in the end.

2.4. The Unevolved SHMF

Simply speaking, the unevolved SHMF is univer-
sal, independent of the host halo mass M0 and
the observation redshift z0. (Recall its definition,
dNa/dma, the total number of unevolved subhalos of
massma over the whole redshift range, defined in Eq.(1).)
The universal expression of the unevolved SHMF is

dNa

d ln(ma

M0
)
=

dNa

d lnma

= ma

dNa

dma

= N0(
ma

M0
)−α exp[−β(ma

M0
)3].

(9)
G08 find the best-fit model is of α = 0.8, N0 = 0.18, and
β = 12.2715. The form dNa

d ln(ma
M0

) rather than the original

definition dNa

dma
is often used in plots.

G08 find that the slope α is the same for different
M0’s but the normalization factor N0 depends on the
redshift range [z0, zmax] in the definition of the unevloved
SHMF. For example, if z0 = z0 and zmax = zf, then
N0,0<z<zf = 0.43N0; if z0 = zf and zmax = zmax, then
N0,zf<z<zmax = (1 − 0.43)N0. This is as we can ex-
pect: the normalization factor basically represents the
total number of unevolved subhalos identified all over
the redshift range, and both [z0, zmax] and [zf, zmax] are
approximately half of the redshift range [z0, zmax] in the
original definition because zf is defined as the epoch when
M(zf) ≥M0/2, i.e., when the mass of the main progeni-
tor just exceeds the final value.
Yang11 go one step further on the unevolved SHMF,

they derive an analytical model rather than fit an an-
alytical expression (Eq.(9)) to the simulation result as
G08&10 do.
In our definition (Eq.(1)) of the unevolved SHMF, the

integrand Na(ma/M0, zz) is the number of unevolved
(i.e., just-accreted) subhalos of mass ma accreted at za
by a host halo with final mass M0. In Yang09, quantity
Na(sa, δa|S0, δ0) is basically the same quantity if you can
appreciate that sa = σ2(ma) and δa = δc(za) describe
ma, while S0 = σ2(M0) and δ0 = δc(za) describe M0. So
their definition of the unevolved SHMF is also similar to
Eq.(1):

dNa

d lnma

=

∫

Na(sa, δa|S0, δ0)d ln(1 + za). (10)

Both Eq.(10) and Eq.(1) convey the same message: inte-

grating Na over the whole redshift range yields the un-
evolved SHMF.
Since the mean mass M(z) of all (M0,δ0) halos is a

monotonically decreasing function of z, so M a ≡ M(za)
is used as a time variable in Yang11’a analytical model.
The definition of the unevolved SHMF, Eq.(10), is rewrit-
ten as

dNa

d lnma

=

∫ M0

ma

F(sa, δa|S0, δ0;M a)d ln(1 + za)
dsz
dma

dM a,

(11)
where F(sa, δa|S0, δ0;M a) is the mean fraction of the to-
tal mass accreted in the time interval [M a,M a + dMa]
that is in halos of mass ma.
F can be obtained using MAH, but Yang11 do not use

a full merger tree to develop F , instead, the use a simple
analytical model:

F(sa, δa|S0, δ0;M a) =

∫

Φ(sa, δa|S0, δ0;M a)P (Ma|S0, δ0)dMa.

(12)
Φ is the mass fraction of Ma in (ma, δa) progenitors ac-
creted at za:

Φ =
F (sa, δa|S0, δ0;M a)

∫∞
σ2(mmax)

F (sa, δa|S0, δ0;M a)dsa
, (13)

where mmax ≡ min(Ma,M(zf) = M0/2), and F is the
mass fraction in progenitor halos of mass ma accreted at
za. P (Ma|S0, δ0) is the distribution of Ma. so Eq.(12)
reveals the meaning of F and therefore is the definition
equation.
So Yang11’s analytical model of the unevolved SHMF

has two ingredients: a model of F and a model of P .

• F They list three models for F : the first one is from
pure EPS; the second one is a numerical empirical
modification to the first one; the third one is the
favored model because it matches the simulation
results best:

F (sa, δa|S0, δ0;M a)d ln δa =
1√
2π

δa − δM
(sa − SM )3/2

exp[− (δa − δM )2

2(sa − SM )
],

(14)
where δM ≡ δc(the redshift at which the main
progenitor has the mass Mmax ≡ min(Ma +
mmax,M0) ), and SM ≡ σ2(Mmax). Ma is the
median main-branch mass, whose relation to the
mean main-branch massM a is given by the follow-
ing model of P :

• P P (Ma|S0, δ0) is approximately a log-normal dis-
tribution (see Fig.2 of Yang11), so

Ma =Ma exp[ln(10)
2σ2/2]. (15)

So with the analytical model (Zhao09 as plotted in
Fig.2 of Yang11) of Ma(z), Yang11 get M a(z).

From Eq.(10) to Eq(15) is Yang11’s analytical model of
involved SHMF. This model has many useful predictions:

• 1. It can predict the mass function of subhalos
accreted at a given time, i.e., it can predict Na,
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using the Na-F relation:

Na = F(sa, δa|S0, δ0;M a)
dsa
ma

dM a

d ln δa

d ln δa
d ln(1 + za)

. (16)

This prediction is not directly presented in their
paper but drawing a vertical line in Fig.7 basically
yields Na.

• 2. It can predict the unevolved SHMF of course.
The result (Fig.10 left panel therein) confirms the
analytical expression of G08, and thus again con-
firms the universality of the unevolved SHMF for
different final host halo mass M0’s.

Fig.10 right panel is the only place in these se-
ries of papers that explains this universality. The
universality of unevolved SHMF is a conse-
quence of the ΛCDM cosmology: th6e slope of
the power spectrum of ΛCDM cosmology is almost
constant (n = −2) over the host halo mass range
of interest (1012h−1M⊙ ≤M0 ≤ 1015h−1M⊙).

Yang11’s Fig.8 is essentially the upper panels of
Fig.1 in G08. Recall that G08 compared the ’un-
evolved SHMFs’ of two redshift ranges, [z0, zf] and
[zf, zmax] to illustrate that the normalization de-
pends on the redshift range over which the ’in-
volved SHMF’ is defined. However, in a given red-
shift range, G08 find that both the slopes and the
normalizations are the same for different final host
halo masses. Yang11 confirm the difference in nor-
malizations in five redshift ranges; however, in a
given redshift range, especially for the highest red-
shift range z ∈ [4, 5], more massive host halos have
lower normalizations. This is something new.

• 3. It predicts the accretion time (tm) distribution
of subhalos of a given initial massmi. Fig.7 therein
shows that subhalos in more massive host ha-
los are accreted later, reflecting the hierar-
chical nature of the ΛCDM cosmology, as
vdB05 already pointed out.

• 4. With Na, it can predict the major merger rate
evolution:

Nmajor

d ln(1 + za)
=

∫ Ma

Ma/3

Na(sa, δa|S0, δ0)d ln(1 + za)
dma

ma

,

(17)
whereNmajor is the average number of major merger
events (a major merger is a merger event with mass
ratio ma/Ma ≥ 1/3). Integrating Eq.(17) from 0 to
some za gives Nmajor. For example, if Nmajor = 3,
then this za is called the characteristic redshift and
corresponding Ma = M(za) is the 3st characteris-
tic redshift. The model finds that the ratio of the
Nmajor

th characteristic mass to the final halo mass
M0 is independent of M0. This indicates that the
average merger histories of host halos of dif-
ferent masses are self-similar : as Fig.6 therein
shows, no matter whatM0 is, the time between two
successive major mergers is equal to the time that
Ma increases by a constant factor (∼ 100.8).

2.5. The Evolved SHMF

Unlike the universal evolved SHMF, the evolved SHMF
is not universal, but depends on M0, z0 and cosmology.
vdB05 reveal this in their Fig.1 upper left panel. Since

the low-mass end of any SHMFs (no matter evolved or
unevolved) can be characterized by the low-mass end
slope α and the normalization. Fig.1 upper left shows
that the slopes for different final host halo masses at the
same redshift z0 are relatively the same. So It is natu-
ral to attribute thisM0-dependence to the normalization,
which is determined by the subhalo mass fraction f . Fol-
lowing this logic, Fig.1 upper right panel and lower left
panel show that

• subhalos in more massive hosts have lost a smaller
fraction of mass to the host halo;

• more massive host halos, on average, contain a
larger subhalo mass fraction 〈f〉.

Fig.8 left panel of vdB05 shows, for the same M0,
the slopes and and the normalizations are both differ-
ent for different observation redshifts z0 (the slopes are
only slightly different).
So Fig.1 upper left panel and Fig.8 left panel together

indicate that the evolved SHMF depends on M0 and
z0; and since vdB05’s simple model for average mass-
loss rate introduces cosmology dependence, the evolved
SHMF depends on M0, z0, and cosmology.
Therefore, in order to find an analytical expression for

the evolved SHMF, all these three dependences should be
included. But we also want to keep the expression as sim-
ple as possible, so vdB05 construct a quantity M0/M∗,
in which M∗(z0) is the characteristic non-linear mass as
defined in the PS formalism by setting the mass standard
deviation of the density field equal to the critical density:
σ(M∗, z) = δc(z) = 0.15(12π)2/3Ω(z)0.0055. So M∗(z0)
introduces z0 and cosmology dependence into M0/M∗.
As expected, the normalization or equivalently the sub-
halo mass fraction 〈f〉 which is much more sensitive to
the three dependencies than the slope α, is almost com-
pletely determined by this quantity which incorporates
the three dependencies:

log〈f〉 = [0.4 log(
M0

M∗
) + 5]

1
2 − 2.74. (18)

The scatter to this correlation due to different MAHs is
quite small, as shown by the upper panel of Fig.9 therein.
vdB05 aim to fit a Schechter function to their semi-

analytical evolved SHMF s. This is motivated by the fact
that the galaxy LF is always well described by a Schecter
LF. The model expression is

dN

d ln( m
M0

)
=

γ

βΓ(1− α)
(
m

βM0
)α exp(− m

βM0
). (19)

The model parameters α, β, and γ are explained here:

• β < 1 is a parameter that makes βM0 a character-
istic mass such that when m >> βM0 the expo-
nential decay takes over.

• γ is the normalization factor, which is almost just
〈f〉 but not quite. The tiny difference between γ
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and 〈f〉 comes from their definition:

f ≡ 1
M0

∫ 1M0

10−4M0
m× (SHMF)dm

= 1
M0

∫ 1M0

10−4M0
mdN

dmdm

= 1
M0

∫ 1M0

10−4M0

dN
d lnmdm

=
∫ 1

10−4
dN

d ln(m/M0)
d( m

M0
);

(20)

γ ≡
∫ ∞

0

dN

d ln(m/M0)
d(
m

M0
), (21)

i.e., the lower limit of the integral is extended from
the mass resolution 10−4M0 to zero while the upper
limit is raised from 1M0 to infinity. So γ and f are
related by:

γ =
〈f〉

P (1− α, 1/β)− P (1 − α)10−4/β
, (22)

where P (a, x) is the incomplete Gamma function.

• α is nothing new but the low-mass end slope, which
as we can expect, also depends on the constructed
quantity M0/M∗ as 〈f〉 does, but the dependence
is weak:

α = 0.966− 0.028 log(M0/M∗) ∼ 0.9± 0.1 (23)

So the slope of vdB05’s evolved SHMF in Eq.(19) is
consistent with the slope of G08’s unevolved SHMF in
Eq.(9). This fact that the slope of an evolved SHMF and
the slope of the unevolved SHMF are almost the same is
not noticed in vdB05 because of the side effect of EPS
mentioned in §2.3. However, G08 illustrate this clearly
in their Fig.4: it seems that the evolved SHMF s are just
shifted from the unevolved ones, with the amounts of
shift, i.e., the normalizations, dependent on M0 – those
with higher M0 are shifted less because more massive
host halos form later and their subhalos spent less time
in them so that 〈f〉 is high.
Now we ask: are the evolved SHMF s really shifted ver-

sions of the unevolved one? G10 cast doubt on it. They
improved the ’SURF’ halo finder and therefore are able
to identify not only subhalo(1), but all the substructures.
With more sub-subhalos and sub-sub-subhalos identified,
they lift the low-mass end of the evolved SHMF slightly
but noticeably (Fig.3 therein). Their slope is α = 0.9,
steeper than the slope α = 0.8 of G08’s unevolved SHMF.
So in comparison to Eq.(19) that describes vdB05’s

SHMF, and also in comparison to Eq.(9) that describes
G08’s and G10’s unevolved SHMF, G10’s evolved SHMF
is best fitted by

dN

d ln( m
M0

)
=

dN

d lnm
= N0(

m

M0
)α exp[−β( m

M0
)3], (24)

where α = 0.9, and N0 = 0.03.
G10 also explains why the evolved SHMF s appear to be

the shifted version of the unevolved one. Crudely speak-
ing, all subhalos accreted prior to zf have been erased
completely, and all those accreted later are still present,
but have been stripped. So the evolved one is essentially

the ’unevolved SHMF’ defined over [z0, zf]. As mentioned
in §2.4, this ’unevolved SHMF’ is fitted by the same ex-
pression but with a lower normalizationN0,<zf = 0.43N0.
The normalization is further lowered by stripping, no
wonder we get N0 = 0.03 < 0.43× 0.18.

2.6. The Evolved SHMF per Unit Host Halo Mass

Although the evolved SHMF is dependent on M0, the
evolved SHMF per unit host halo mass,dNM

dm ≡ 1
M0

dN
d lnm ,

is universal again, except for the exponential decay part.
First, vdB05 show this universality in their Fig.4 lower

right panel, i.e., in the ” dN
d lnm versus m” plot (note that

the evolved SHMF plots are usually ’ dN
d ln(m/M0)

versus

m/M0’), with the power-law part of their semi-analytical
result well described by the best-fit expression given by
Gao04 to their high-resolution simulation result:

dNM

dm
∝ m−1.9 ⇔ dNM

dm
∝ m−α, α = 0.9. (25)

Second, the universality and the slope value of ∼ 0.9
is confirmed by G10 in Fig.4 therein (which is another
” dN
d lnm versus m”plot). Their expression for the evolved

SHMF per unit host halo mass is simply derived from
Eq.(24):

dNM

d lnm ≡ 1
M0

dN
d lnm = m

M0

dN
dm

= 1
M0

∫ 1M0

10−4M0
mdN

dmdm

= N0

M1−α
0

m−α exp[−β( m
M0

)3]

∼ m−α for the low-mass end, α = 0.9;

(26)

Finally, α ≈ 0.9 for the evolved SHMF per unit host
halo mass is best confirmed in a statistical sense by
V&K09. To summarize their result: even using a uniform
prior (rather than a Gaussian prior peaking at α = 0.9),
α can still be constrained to α = 0.93± 0.08 (see Table 2
therein). We will now see how α (and 〈f〉) is constrained
in V&K in detail in §2.7.

2.7. Halo-to-halo Scatter in SHMF, Subhalo Mass
Fraction, and How Well SHMF can be Constrained

The halo-to-halo scatter in SHMF is in three aspects:
(i) the scatter in f , (ii)the scatter in α, and (iii) the
scatter in N , the total number of subhalos of a given
M0.

• (i) f The scatter in f is defined as

δf =
f − 〈f〉
〈f〉 , (27)

where 〈f〉 is the average over many MAHs. vdB05
find that the scatter is broad, this actually explains
when previous studies failed to discover the M0-
dependence of 〈f〉. vdB05 even try to answer this
question: where does this broad scatter come from?

– A natural guess is that δf is related to when is
zf, because 〈f〉 depends onM0 and larger host
halos form later. But unfortunately, it turns
out that δf is not dominated by the scatter in
zf (Fig.6 upper right panel therein).
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– δf is actually dominated by the recent (∼
1Gyr) accretion history of the host halo (Fig.
6 lower right panel therein). So while the av-
erage evolved SHMF depends strongly on the
host halo formation epoch zf, the individual
evolved SHMF simply reflects the host halo’s
recent accretion history.

vdB05 describe 〈f〉’s dependence on M0, z0,
and cosmology using a single composite quan-
tity M0/M∗ in Eq.(18), but G10 describe its
M0-dependence (Fig.6 therein) and z0-dependence
(Fig.7 therein) separately. The following linear cor-
relations are fitted to their simulation results:

–
〈f〉 = a logM0 + b, (28)

where a, b depend on zf.

–

log〈f〉 = a log(1 + zf) + b, (29)

where a = −3.133±0.13, b = −0.48±0.05 are
independent of M0.

So the 〈f〉-zf correlation depends weakly on M0,
while the 〈f〉-M0 correlation depends strongly on
zf. Therefore we speculate that the 〈f〉-M0 corre-
lation may be determined by the 〈f〉-zf correlation
and some zf-M0 relation. zf suddenly becomes im-
portant. However, zf is introduced from a theo-
retical point of view rather than as an observable.
We need an observable to re-write these correla-
tions and therefore to test them – this observable
is the concentration c of the host halo. Concentra-
tion c ≡ rvir/rs is a function of redshift (Fig.15 by
G10):

c ∝
√

(1 + z0), 0 ≤ z0 ≤ 4, (30)

which is also valid if z0 is replaced with zf as
shown by Fig.9 in G10. The c-z0 correlation
is supported by observations: studies (e.g.,
vD08) have shown that massive quiescent galaxies
at z ∼ 2 are more compact than galaxies of similar
mass today. Now that we have the observable to
replace zf,we are in a position to rewrite the 〈f〉-zf
correlation and the zf-M0 correlation as the 〈f〉-c
correlation and the c-M0 correlation:

〈f〉 ∝ c−1 ∝ (1 + z0)
−1/2; (31)

log c = a logM0 + b, (32)

where a ≈ 0.11 and b ≈ 2.5 are dependent on zf.
Worth mentioning: comparing Fig.14 and Fig.16,
we know that the 〈f〉-c correlation 〈f〉 ∝ c−1 does
not evolve, so that 〈f〉 ∝ (1 + z0)

−1/2 is valid
throughout 0 ≤ z ≤ 4.

• (ii) α

V&K09 quantifies how well we can recover (i) the
subhalo mass fraction f and (ii) the slope α of the
evolved SHMF using a Bayesian posterior probabil-
ity P (α, f |{N,m},p) as a function of (1) the lens

survey data {N,m} and (2) the detection thresh-
olds p = {mmin,mmax;mlow,mhigh}. N is the to-
tal number of structures in a lens system (i.e., the
host halo), so this notation is consistent with the
N in the evolved SHMF. m = {mj}j=1,2,3,...,N are
the masses of the N subhalos in the lens system.
mmin and mmax are the minimum mass and maxi-
mum mass of the subhalos between which the sub-
halo mass fraction f us defined. For example, in
Eq.(20), mmin = 10−4M0 and mmax = 1M0. mlow

and mhigh are our detection limits, i.e., in practice,
only subhalos with mass between mlow and mhigh

are observable.

According to Bayesian them, the posterior proba-
bility distribution for hypothesis h=(α, f |p) given
the data D={N,m} is

P (h|D) ∝ L(D|h)P (h), (33)

where L(D|h) is the likelihood that the model ”h”
generates the data ”D”, and P (h) is the prior prob-
ability distribution for the model ”h”, which quan-
tifies our empirical knowledge about the model pa-
rameters, in this case, f and alpha. So there are
two important ingredients in this Bayesian formal-
ism, the likelihood that a SHMF characterized by f
and α generates the data observed in a lens galaxy,
and the prior knowledge about the halo mass frac-
tion and low-mass end slope. Now we discuss them
one by one:

– L
To write an analytical expression for L,
V&K09 make the following assumptions:

∗ Assumption I: all lens galaxies (i.e., host
halos) have the same cumulative subhalo
mass fraction f(< r) within a cylinder of
projected radius r, i.e., ignore δf ;

∗ Assumption II: the number of substruc-
tures in a host halo of given mass M0

obeys Piosson distribution. Justification
for this assumption: Fig.13 of G10 and
Fig.7 of vdB05. We will discuss the va-
lidity of this assumption in the end when
talking about ”(iii) the scatter in N”.

∗ Assumption III: the error in measuring
the mass mj for a single subhalo obeys
Gaussian distribution, so the normalized
probability density of actually observing
mj within the projected radius r is

P (mj , r|p, α) =
∫mmin

mmin

dP
dm

exp[−(m−mj)
2/2σ2]√

2πσ
dm

∫mhigh

mlow

∫mmin

mmin

dP
dm

exp[−(m−m′)2/2σ2]√
2πσ

dmdm′
,

(34)
where dP

dm is the normalized version of the

evolved SHMF dN
dm :

∫ mmin

mmin

dN

dm
dm = N ⇒

∫ mmin

mmin

dP

dm
dm = 1. (35)

So

dP

dm
=

1− α

m1−α
max

−m1−α
min

m−α (36)
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is the definition of the normalized SHMF,
i.e., dP

dmdm is the probability that a sub-
halo has the mass of m ∈ [m,m + dm].
(That is why we use the notation P .)

According to Assump. I ∼ III, the likelihood
L can be expressed by :

L({N,m}|α, f,p) = e−µµ(α,f,<r)N

N !
× ΠN

j=1P (mj , < r|p, α), (37)

( if more than one (i.e., if NL > 1) lens sys-
tems are observed, then L({N,m}|α, f,p) =

ΠNL

k=1L({Nk,mk}|α, f,p) ) where the first fac-
tor is the probability density of having N sub-
halos in the lens galaxy; and the second factor
is the probability density of actually observ-
ing a massm1 within the projected radius r of
the lens, at the same time of actually observ-
ing a mass m2 within r, at the same time of
observing m3 ... µ is the expectation value of
the number of subhalos in an aperture (< r)
of mass M(< r):

µ(α, f,< r) = µ0(α, f,< r,p)

×
∫mhigh

mlow

∫mmin

mmin

dP
dm

exp[−(m−m′)2/2σ2]√
2πσ

dmdm′,

(38)
where

µ0(α, f,< r,p) = f(<r)M(<r)∫
mmin
mmin

m dP
dm

dm

= f(< r)M(< r)2−α
1−α

m1−α
max−m1−α

min

m2−α
max−m2−α

min

.

(39)
The meaning of µ0 is obvious: the numera-
tor is the fraction of subhalo mass within the
aperture (< r); the denominator is the ex-
pectation value of a subhalo mass, so µ0 is
the expectation value of the number of sub-
halos in an aperture (< r) of mass M(< r)
given the full (i.e., from mmin to mmax) evolved
SHMF. In reality, only subhalos with mass
m ∈ [mlow,mhigh] are observable, so the real
expectation µ should be µ0 modified with the
second factor in Eq.(38). M(< r) also has
an analytical expression given the total sur-
face density profile Σ(r) and the stellar sur-
face density profile Σ⋆(r):

Σ(r) =
ΣcrE
2r

, (40)

Σ⋆(r) = 0.74Σc{ rs
r + 1

2π [(1 − ( r
rs
)2)−1

− (1− ( r
rs
)2)−

3
2 (2− ( r

rs
)2) cosh−1( rsr )]}.

(41)

Σc is the critical surface density for lensing. rE

is the Einstein radius. rs ≡ re/0.74 where the
effective radius re is assumed to be 2rE. The
analytical expression for M(< r) as given by
V&K09 is

M(< r) ≈ 4πrEΣDM(re)× (0.3arcsec)
= 4πrE(1− Σ⋆

Σ )Σ× (0.3arcsec). (42)

Expressed in this way, M(< r) is actually the
cumulative mass within a narrow annulus of
0.6′′centered around the Einstein radius.

– Prior P (h = (α, f |p))
V&K try two priors for α:

∗ Prior I: no prior, i.e., uniform distribution
between α ∈ [0, 2.0];

∗ Prior II: Gaussian prior with 〈α〉 = 0.9
and σα = 0.1. Motivation: simulations
such as Gao04 and G10 find that α ≈ 0.9.

Eq.(33) to Eq.(42) outline the statistical formal-
ism of V&K09, we can now calculate the posterior
P (h = (α, f,p)|D = N,m) as an estimate of how
good is the model ”h” given the stung lensing data
”D”. Fig.1 to Fig.3 in V&K09 shows the results
and conclusions from using this formalism:

– f = 0.5± 0.1;

– α = 0.9 ± 0.2. These are according to mock
data that reflects the data quality of the
Sloan Lens ACS Survey and assuming Prior
II, which always constrain α much tighter
than Prior I.

– Higher f can help us better constrain α.

– Better mass resolution (lower mmin) can help
us better constrain both f and α.

– More observations (i.e., larger NL) can help to
better constrain f and α, especially if we do
not want to assume any prior for α (i.e., if we
want to use Prior I) so as to test the nature
itself. Gaussian prior constrain α very well
even with very few systems observed (small
NL), but uniform prior relies on large samples
to give good constraints on α.

– This Bayesian formalism can be used to test
CDM versusWDM if an extra marginalization
of the parameter space is added.

• (iii) N

(...... to be continued ......)
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